ON THE EXISTENCE OF CERTAIN MODULES OF FINITE GORENSTEIN 

HOMOLOGICAL DIMENSIONS 



KAMRAN DIVAANI-AAZAR, FATEMEH MOHAMMADI AGHJEH MASHHAD AND MASSOUD TOUSI 

Abstract. Let (R, m) be a commutative Noetherian local ring. It is known that R is Cohen-Macaulay 
if there exists either a nonzero finitely generated i?-module of finite injective dimension or a nonzero 
Cohen-Macaulay R-module of finite projective dimension. In this paper, we investigate the Gorenstein 
analogues of these facts. 



1. Introduction 

Let (R, m) be a commutative Noetherian local ring. It is known that the existence of certain nonzero 
i?-modules with finite homological dimensions forces R to be Cohen-Macaulay or Gorenstein. More 
precisely, one has 

i) if there exists a nonzero i?-modulc of finite injective dimension, then R is Cohen-Macaulay, 

ii) if there exists a nonzero Cohen-Macaulay i?-module of finite projective dimension, then R is 
Cohen-Macaulay, 

iii) if there exists a nonzero cyclic i?-modulc of finite injective dimension, then R is Gorenstein. 
The first assertion is known as Bass's Theorem. The analogue of iii) for Gorenstein homological dimen- 
sions is shown to be true; see |FF1 Theorem 4.5]. The analogues of i) and ii) for Gorenstein homological 
dimensions are open questions; see [Cl Pages 40 and 147], |T2) and [CFoHl Questions 1.31 and 3.26]. 

Question 1.1. If there exists a nonzero finitely generated i?-module with finite Gorenstein injective 
dimension, is then R Cohen-Macaulay? 

Question 1.2. If there exists a nonzero Cohen-Macaulay R- module with finite G-dimension, is then R 
Cohen-Macaulay? 

Takahashi has given some partial answers to the above questions in |T1] and |T2] , Also, he showed 
that if the answer to Question 1.1 is affirmative, then so is the answer to Question 1.2. This paper 
has two goals: firstly, it is to show that the assumptions of the above questions are not completely 
independent of each other and secondly, it is to give some partial answers to the above questions. 

In Section 3, we are concerned with our first goal. When R possesses a normalized dualizing complex, 
we show that there exists a nonzero finitely generated i?,-modulc of finite Gorenstein injective dimension 
if and only if there exists a Cohen-Macaulay complex of finite G-dimension; see Theorem 3.7 below. 
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Also, without assuming the existence of a normalized dualizing complex, we prove that there exists a 
nonzero Cohen-Macaulay i?-module of finite Gorenstein injective dimension if and only if there exists a 
nonzero Cohen-Macaulay i?-modulc of finite G-dimension, see Theorem 3.8 below. Among other things, 
this indicates that an affirmative answer to Question 1.1 yields an affirmative answer to Question 1.2. 
This was previously shown in |T2| . 

In Section 4, we deal with our second goal. If L is a nonzero finitely generated i?-module such that 
either its Gorenstein injective dimension is finite or L is Cohen-Macaulay and its G-dimension is finite, 
then we show that dim^ L = depth R — grade fl L. Also, if L is a nonzero Cohen-Macaulay i?-module 
such that either its Gorenstein injective dimension or its G-dimension is finite, then we prove that 
dimi?/p + depth R p = depth R for all p <E AssrL. These two facts immediately yield the following 
partial answers to Questions 1.1 and 1.2: 

Assume that R possesses a nonzero finitely generated i?-module L such that either: 
L has finite Gorenstein injective dimension and dim^ L — dimi? — grade^ L, 
L is Cohen-Macaulay with finite G-dimension and dim# L — dimi? — grade^-L, 

L is Cohen-Macaulay with finite Gorenstein injective dimension and dimi?/p + depth i? p = dimi? for 
some p £ Ass/? L; or 

L is Cohen-Macaulay with finite G-dimension and dimi?/p + depth i? p = dimi? for some p £ Ass^i. 
Then i? is Cohen-Macaulay. 



Throughout this paper, (i?, m, k) is a commutative Noetherian local ring with nonzero identity. The 



A. Hyperhomology 

As we will use technical side of hyperhomology and derived category of R- modules, T>(R), we recall 
some necessary information and notations which are needed in this paper. The objects in T>{R) are 
complexes of i?-modules and symbol ~ denotes isomorphisms in this category. For a complex 



in T>(R), its supremum and infimum are defined, respectively, by supX := sup{i £ Z|iJ^(X) ^ 0} 
and infX := inf{i £ Z|Jfj(X) =/= 0}, with the usual convention that sup0 = — oo and inf0 = oo. 
For an integer £, S £ X is the complex X shifted I degrees to the left. A complex X is said to be 
non-exact if it has some nonzero homology modules. The full subcategory of complexes homologically 
bounded to the right (resp. left) is denoted by V^{R) (resp. P c (i?)). Also, the full subcategories of 
homologically bounded complexes and of complexes with finitely generated homology modules will be 
denoted by V u (i?) and V s (i?) , respectively. We may and do identify the category of R- modules and R- 
homomorphisms with, T>q(R), the subcategory of complexes homologically concentrated in degree zero. 
Finally, we set V^(R) := V U {R) n V f (i?) and V^{R) := T> n (R) n V f (R). Recall that for any complex 
X, depth^ X := — sup RHomjjffc, X), widths X := inf (fc 0^, X), Supp^X := (J Supp fi (iTj(X)) and 



2. Prerequisites 



m-adic completion of i? will be denoted by R. 




dim^ X := sup{dim R/p — inf X p |p £ Supp^X}. 
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Let X £ V zl (R) and/or Y £ V^{R). The left-derived tensor product complex of X and Y in V(R) 
is denoted by X ®^ Y and is denned by 

Xg^Y-FgflY-XgfiF'-FgiiF,' 

where F and F are flat resolutions of X and Y, respectively. Also, let X £ V zi (R) and/or Y £ T> n (R). 
The right derived homomorphism complex of X and Y in T>(R) is denoted by RHoniR(X, Y) and is 
defined by 

RHom B (X,Y) ~ Hom fi (P, Y) ~ Hom fl (X,I) ~ Hom«(P,I), 

where P and I are projective resolution of X and injective resolution of Y, respectively. 

Next, we recall another right derived functor. Let a be an ideal of R. The right derived functor of 
a-section functor L a (— ) = lirn^ Hom^(i?/a™, — ) is denoted by Rr a (— ). For any complex X £ T> n (R), 
the complex Rr a (X) £ D c (i?) is defined by Rr a (X) := r a (I), where I is an (every) injective resolution 
of X. Also, for any two complexes X £ V^(R) and Y £ V n (R), RF a (X, Y) is defined by Rr o (X, Y) := 
RF a (RHo mi? (X,Y)). 

B. Gorenstein Homological Dimensions 

Here, we recall some definitions of Gorenstein homological algebra. A finitely generated i?-module 
M is said to be totally reflexive if there exists an exact complex F of finitely generated free i?-modules 
such that M = im(F — ► F-i) an d Hom^(F,i?) is exact. An i?-module N is said to be Gorenstein 
injective if there exists an exact complex I of injective i?-modules such that N = im(Ii — > Iq) and 
Hohir(.E,I) is exact for all injective i?-modules E. For a complex X £ T>^(R) (resp. X £ T>^(R) ), its 
G-dimension (resp. Gorenstein injective dimension) is defined by 

G-dim^X := inf{sup{/ £ Z|Q ; ^ 0}|Q is a bounded to the right complex of 
totally reflexive R- modules such that Q ~ X}, 

respectively, 

Gidfl X := inf{sup{Z £ Z|E_; 7^ 0}|E is a bounded to the left complex of 
Gorenstein injective R- modules such that X ~ E}. 

C. Auslander Categories 

A normalized dualizing complex of R is a complex D £ T>h (R) such that the homothety morphism 
R — > RHoni7j(D, D) is an isomorphism in T>(R), D has finite injective dimension and supD = dimi?. 
From the definition, it is obvious that for any normalized dualizing complex D, one has Supp^D = 
Spec R. 

Assume that R possesses a normalized dualizing complex D. The Auslander categories with respect 
to D, denoted by A(R) and B(R), are the full subcategories of V a {R) whose objects are specified as 
follows: 



A(R) = {X£V a (R) 



r/x : X — > RHomfi(D, D ®^ X) is an iso- 
morphism in V(R) and D ®^ X eV n (R) 
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and 

= S YeVD{R) ^D^RHom^Y^Yisanisomor- 1 
[ phism in V(R) and RHom^(D, Y) G V n (R) J 

3. Connections between Questions 1.1 and 1.2 

We begin this section with the following result which relates the finiteness of Gorenstein homological 
dimensions to Auslander categories. 

Lemma 3.1. Let (R,m) be a local ring possessing a normalized dualizing complex, X € T>n(R) and 
Ye T>n{R)- The following hold. 

i) X G A{R) if and only if G-dim^ X < oo; and 

ii) Ye B(R) if and only if Gid R Y< oo. 

Proof, i) See [CFrHl Proposition 3.8 b) and Theorem 4.1]. 

ii) See |CFrH[ Theorem 4.4]. □ 

The next result computes — inf Rr m (X,Y) and — supRr m (X, Y) in some special cases. 

Lemma 3.2. Let(R,m) be a local ring possessing a normalized dualizing complex D and X, Y £Dn(R). 

i) If either projective dimension of X or Y is finite, then 

- inf Rr m (X, Y) = sup R Hom fl ( Y, D ® R X) 

and 

- sup Rr m (X, Y) = inf R Hom R ( Y, D ®\ X) . 

ii) If projective dimension of X and Gorenstein injective dimension of Y are finite, then 

-infRr m (X, Y) = supRHom i j(RHom fl (£), Y),X) 

and 

-supRr m (X, Y) = inf R Horn R (R Hom fi (£), Y),X). 

Proof. See [MDJ Corollary 3.4]. □ 

Lemma 3.3. Let (i?,m) be a local ring possessing a normalized dualizing complex D and X € T>n(R) 
a non-exact complex. Then dim^JT = sup RHom^(X, D) and dcpth^j X = inf RHomjj(X, D). In 
particular, depth R = inf D. 

Proof. See QSU Theorem 15.10 and 16.20 a) and b)]. □ 

The following lemma states some properties of modules with finite G-dimension over a local ring 
with a normalized dualizing complex. 

Lemma 3.4. Let (i?,m) be a local ring possessing a normalized dualizing complex D and M a nonzero 
finitely generated R-module. The following hold. 

i) mi{D®\ M) = depth R RHom il (M, R) = depth R. 
Assume that M has finite G-dimension. Then 
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ii) depth R < sup(D ®£ M) = &\uy r R Rom R (M, R) < dim R. 

iii) sup(D(g) R M) = sup{dimi?/p + G-dim_R p M p \p £ Supp fl M}. 

Proof, i) [Cl Corollary A. 4. 16] and Lemma 3.3 yield that 

inf (D ® R M) = inf D + inf M = depth R. 

By |Fo31 Proposition 3.8] for any complex X £ D c (i£), one has — supRr m (X) = depths X. Hence, 
Lemma 3.2 i) implies that 

depths KRom R (M,R) = - sup RF m (M, R) = inf RHom fl (.R,D OrM) = inf(D®^M). 

Now, assume that M has finite G-dimension. 

ii) Lemma 3.1 i) yields that M £ A(R) and then by [Cj Proposition 3.3.7 a)] and Lemma 3.3, one 
has 

depth R = inf D < sup(D ® R M) < sup D = dim R. 

Also, [C, Theorem 2.2.3 and Definition 2.1.6] yield that RHom fl (M,i?) £ V S a (R). On the other hand, 
|Fo31 Proposition 3.14 d)] implies that for any complex X £ T>n(R), one has — inf RF m (X) = dim/jX. 
Hence Lemma 3.2 i) asserts that 

dim fi RHomij(M,-R) = - inf RF m (M, R) = supRHom fi (ii,D ®^ M) = sup(D ®\ M). 

iii) Set N := R in the proof of [MD1 Lemma 4.2 i)]. □ 

Assume a finitely generated ii-module N with finite injective dimension is given. The problem of 
finding a finitely generated i?- module with finite projective dimension and the same support as N has 
been investigated in [PSI Theorem 5.7] and |Sh) . The following is Gorenstein analogue of this problem. 
It will be needed in the proof of our main results. 

Lemma 3.5. Let (R,m) be a local ring with a normalized dualizing complex D. Assume that 
N is a nonzero finitely generated R-module with finite Gorenstein injective dimension. Set H := 
H_ depthR (RRom R (D,N)). Then 

i) inf KRom R (D, N) = - depth R = supRHom i? ( J D, N), 

ii) H is a nonzero finitely generated R-module and H ~ E dcpthfl RHom fl (£), N), 

iii) G-dim/j H < oo; and 

iv) depth^ H = depths N and Supp^ H = Supp^ N. 

Proof, i) Lemma 3.1 ii) yields that N £ B(R), and so 

N ~ D <K>^ RHom fl (D, N) (*), 

and RHom^(D, N) £ T> a {R)- Also, by [C, Lemma A. 4. 4] all homology modules of RHoiok(D, N) are 
finitely generated. Applying [Cj Corollary A. 4. 16] and Lemma 3.3 to (*), implies that 

inf RHom JJ (D, N) = -infD = -depthi?. 

Also, [Cj A.4.6.1] implies that 

sup R Hom fl (D, N) < sup N - inf D = - depth R. 
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Hence, 

inf R Hom fl (D, N) — — depth R = sup R Hom R (D , N) . 

ii) is clear by i). 

iii) Since N G B(R), [0 Theorem 3.3.2 b)] yields that RHom fl (D,iV) e „4(i?), and so H £ A(R). 
Thus by Lemma 3.1 i), it turns out that G-dim^T? < oo. 

iv) For any complex X and any integer s, it is easy to see that depths E S X = depth R X — s. So, by 
[Cl Lemma A. 6. 4 and A. 6. 3. 2] and Lemma 3.3, we have 

depths H = depth i j(RHom i j(D, N)) - depth R 

= widths D + depth fl N - depth R 

= inf D + depth^ N - depth R 

= depth fl N. 

By applying |Fo21 Page 36] to (*) and using ii), one has 

Supp fl N = Supp fl D n Supp fl (RHom Jt (D, N)) 
= Speci?n Supp K (RHom fi (D, N)) 
— Supp fl H. 

Recall that Supp^ D = Spec R. □ 

Definition 3.6. Let (i?, m) be a local ring. A non-exact complex X G T>n(R) is said to be Cohen- 
Macaulay if depth^ X = dim/? X. 

Now, we are ready to present the main results of this section, which explain the relationship between 
the assumptions of Questions 1.1 and 1.2. 

Theorem 3.7. Let (R,m) be a local ring possessing a normalized dualizing complex D. The following 
are equivalent: 

i) There exists a nonzero finitely generated R-module N such that Gi&r N < oo. 

ii) There exists a nonzero finitely generated R-module M such that G-dim/j M < oo and 
RHomj}(A/, R) is a Cohen- Macaulay complex. 

iii) There exists a Cohen- Macaulay complex X such that G-diniR X < oo . 

Proof, i =>■ ii) Set s :— depthi? and M := i?_ s (RHortiij(D, N)). By Lemma 3.5, M is a nonzero 
finitely generated i?-module, M ~ E s RHom/?(D, N) and G-dim^M < oo. Lemma 3.1 ii) implies that 
N e B(R), and so N ~ D (g> R RHom fl (D, N). Hence, 

sup (D ®% M) = sup (D ®\ S s RHom fl (D, N)) 

( = supE s (D(8)^RHom fl (D,7V)) 
= sup£ s 7V 
= a, 

where (a) is due to C, A.2.4.3]. By (Cj Theorem 2.2.3 and Definition 2.1.6], we have TLRom R (M,R) e 
T>o(R), and so by Lemma 3.4 i) and ii) the complex RHom/{(M, R) is Cohen-Macaulay. 
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ii iii) Set X := REom R (M,R). Theorem 2.1.10 a) and Corollary 2.3.8] yields that 
G-dinifl X < oo. Since by the assumption X is Cohen-Macaulay, iii) follows. 

iii i) Since G-dim# X < oo, Lemma 3.1 i) implies that X e A(R), and so RHom^(X, D) G B(R) 
by |CHI Proposition 4.1 v)]. Hence, Gid^(RHom^(X, D)) < oo by Lemma 3.1 ii). 

As X is a Cohen-Macaulay complex, Lemma 3.3 yields that supRHoniR(X, D) ~ inf RHom^(X, D). 
Set d := supRHom i j(X,D) and A := iJ (1 (RHom fl (X, D)). Then N ~ E _d RHom.R(X, D). Therefore, 
N is a nonzero finitely generated i?-module of finite Gorenstein injective dimension. □ 

Theorem 3.8. Let (R, m) be a local ring. The following are equivalent: 

i) There exists a nonzero Cohen-Macaulay R-module with finite G-dimension. 

ii) There exists a nonzero finite length R-module with finite G-dimension. 

iii) There exists a nonzero finite length R-module with finite Gorenstein injective dimension. 

iv) There exists a nonzero Cohen-Macaulay R-module with finite Gorenstein injective dimension. 

Proof, ii =>■ i) and iii =>• iv) are trivial. 

i => ii) Let M be a nonzero Cohen-Macaulay i?-modulc with finite G-dimension. Set t := depth^ M 
and assume that x\, . . . , Xt is an M-regular sequence. Then M / (x\, . . . x t )M is a finite length i?-module, 
and also by [2] Theorem 8.7 7)], G-dmiR M/{x\, . . . x t )M = G-dim# M + 1. This completes the proof. 

ii <^=> iii) Let A be an Artinian i?-module. Then A possesses the structure of an iJ-module in a 
natural way such that £r(A) = £^(A). On the other hand, any Artinian i?-module B is also Artinian 
when it is considered as an R- module via the natural ring homomorphism R — > R and ^g(-B) = £r(B). 
For any finite length i?-module C, one has C = C &h R, and so [21 Theorem 8.7 5)] implies that 
G-diniR C = G-dim^ C. Also, for any Artinian i?-module C, |Sa[ Lemma 3.6] yields that Gidn C = 
Gid^ C. Hence, in view of [St} Proposition 3.4.9], we may and do assume that R is complete. Let 
(— ) v := Honifl(— , En(R/m)) and C be a nonzero finite length i?-module. Then C = (C v ) v and 
£ R {C W ) < oo. Thus by [CED Proposition 4.1 v) and vi)], it turns out that C G A{R) (resp. C G B(Rj) 
if and only if C v G B{R) (resp. C v G A(R)). Now, Lemma 3.1 completes the argument of this part. 

iv => iii) Let M be a nonzero Cohen-Macaulay .R-module with finite Gorenstein injective dimension. 
Let n := diniR M and x:=x\, X2, ■ ■ ■ , x n G m be a maximal M-regular sequence. As Ir(M / (x)M) < oo, 
it is enough to show that G\&r(M / (x)M) < oo. We do this by using induction on n. For n = 0, there 
is nothing to prove. Now, assume that n > and the assertion holds for n — 1. Set N := Mjx\M. 
Then A is a nonzero Cohen-Macaulay i?-module with dim^ AT = n— 1. By applying H, Theorem 2.25] 
on the short exact sequence 

— > M ^ M — > N — > 0, 
we deduce that Gid/j N < oo. Since X2, £3, . . . , x n is a maximal A-regular sequence and 

N/{x 2 ,x 3 ,...,x n )N^M/(x)M, 

from the induction hypothesis, we conclude that G\Ar(M / (x)M) < 00, as desired. □ 

4. Some partial answers to Questions 1.1 and 1.2 

In this section, we give some partial answers to Questions 1.1 and 1.2. We begin this section with 
the following lemma which is the dual of Lemma 3.5. 
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Lemma 4.1. Let (i?,m) be a local ring with a normalized dualizing complex D. Assume that M is a 
nonzero Cohen- Macaulay R-module with finite G-dimension. Set H := Hdepthii(-D M). Then 

i) sup(D ®\ M) = depth R = inf (D ®\ M), 

ii) H is a nonzero finitely generated R-module and H ~ E~ depth R^j) (g,L 

iii) Gidfl H < oo; and 

iv) depth^ H = dcpth fl M and Supp fl H = Supp fl M, and so H is Cohen- Macaulay. 
Proof, i) Lemma 3.4 i) yields that inf(D <g>^ M) = depth R. On the other hand, we have 

(a) 

depth R < sup(D<g)^M) 

= sup R Hom fl (R, D (g>^ M) 

® -infRr m (M,i?) 

< — inf R Hom iJ (M, fl) + dxm R M 

W G-dim fl M + dim fl , M 
= G-dimj? M + depth^ M 

= depth R, 

where (a) is by Lemma 3.4 ii), (6) is by Lemma 3.2 i) and (c) follows from [PHI Definition 2.1 and 
Corollary 3.2 ii)]. (d) holds because by [O Theorem 2.2.3], one has - inf RHomjj(M, R) = G-dim^ M, 
and finally (e) is due to [C, Theorem 1.4.8]. 

ii) Clearly, i) yields that H is nonzero and H ~ IT dcpthi *(D <g)| Af). On the other hand, [0 Lemma 
A. 4. 13] implies that all homology modules of D ®^ M are finitely generated. 

iii) Lemma 3.1 i) implies that M £ A(R). Hence, [0 Theorem 3.3.2 a)] yields that D(g)^ M E B(R), 
and so H 6 B(R). Now, Lemma 3.1 ii) implies that Gid/j iJ is finite. 

iv) Since M e A(R), one has M ~ RHom fi (D,D®^ M), and so 

depths M = depth fl (RHom/? (D, D ®\ AT)) 

= widths D + depths (D <g>^ M) 

= inf D + depths (D ®£ M) 

= depth i? + depths (D ®% M) 

= depths E~ dc P th «(D ®l m) 
= depth^ _ff , 

where (a) and (b) are due to [Cj Lemma A. 6. 4 and A. 6. 3. 2] and (c) is by Lemma 3.3. As for any complex 
X and any integer s, depth^ E S X = depths X — s, the equality (d) holds. 
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Since Supp^ D = Speci?, by ii) and [Fo21 Page 36], one has 

Supp fl H = Supp fl (D ®l M) 

= Supp R D n Supp fl M 
= Spec R n Supp fl M 
— Supp fl M. 

□ 

Let R be a local ring and M a nonzero Cohen-Macaulay i?-module with finite G-dimension. The 
first case of the following result can be rephrased as saying that M is G-perfect in the sense of Golod. 
We recall that for any finitely generated i?-module L, grade^L := inf{i > 0| Ext R (L, R) ^ 0}. 

Theorem 4.2. Let (i?,tn) be a local ring and M a nonzero finitely generated R-module. If either M is 
Cohen-Macaulay with finite G-dimension or M has finite Gorenstein injective dimension, then 

dim^ M = depth R — grade fl M. 

Proof. Let T be a finitely generated i?-module. By [5] Theorem 8.7 5)], one has G-dim^T = 
G-dimfi(T® R R) and if Gid^T < oo, then [KTYl Theorem 2.5] implies that Gid^T = Gidfi(T® R R). 
Also, it is easy to see that 

gradc^ T = gradeg(T <8> R R). 

Hence, without loss of generality, we may and do assume that R is complete, and so R possesses 
a normalized dualizing complex D. If M is Cohen-Macaulay with finite G-dimension, then Lemma 
4.1 yields that there exists a nonzero finitely generated R- module H such that G\<1 R H < oo and 
\/Ann/e H = \/Aiinjj M. Thus, it suffices to assume that M is a nonzero finitely generated i?-module 
with finite Gorenstein injective dimension. 

By Grothendieck's non-vanishing Theorem |Fo31 Proposition 3.14 d)] and Lemma 3.2 ii), one has 

dim R M = -infRr m (M) = — inf KT m (R,M) = sup R HoniR (R Homa (D,M),R). 

But, by |MD[ Lemma 4.2 ii)] we have 

supRHom fl (RHom fl (D, M),R) = depth R — grade fi M, 

which completes the proof. □ 

Theorem 4.3. Let (i?, m) be a local ring and M a nonzero Cohen-Macaulay R-module such that either 
its Gorenstein injective dimension or its G-dimension is finite. Then 

dim R/p + depth R p = depth R 

for all p e Ass R M. 

Proof. Let L be a nonzero finitely generated i?-modulc. Then L is Cohen-Macaulay if and only if the 
i?-module L<S)rR is Cohen-Macaulay. [A] Theorem 8.7 5)] implies that G-dim/jL = G-dim^(L® R R). 
Also, by |KTY[ Theorem 2.5] if Gid R L < oo, then Gid R L = Gid R (L ® R R). Obviously, depth R = 
depth R, and also it is known that 

Ass R L = {qni?|q € Ass R (L <g> R R)}. 
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Let p £ AssrL and q £ Ass^(L <g)R i?) be such that p = q n R. Assume that L is Cohen-Macaulay. 
Then, by (BHJ Theorem 2.1.2 a)], one has 

dimi?/p = dimji L = dim^(L R) = dimi?/q. 

Since pi? C q and dimi?/q = dimi?/pi?, one has q £ Min (pi?). Then depthg^ i? q /pi? q = 0, and so by 
applying [BH, Proposition 1.2.16 a)] on the flat local ring extension i? p — > i? q , we have depthi? p = 
depth i? q . Hence, 

dim R/p + depth i? p = dim R/q + depth i? q . 

So, without loss of generality, we may and do assume that i? is complete. Then i? has a normalized 
dualizing complex D. 

Suppose that M has finite Gorenstein injective dimension. By Lemma 3.5, there exists a nonzero 
Cohen-Macaulay i?-module H of finite G-dimension such that Supp fl H — Supp^ M. Then the set of 
minimal elements of Supp^ H and Supp fl M are equal too. So, Ass# H — Ass# M. Note that Cohen- 
Macaulayness of H and M implies that H and M do not have any embedded associated prime ideals. 
Hence, we only need to consider the case that G-dim^M is finite. Let p £ AssrM. Then, by [Cj 
Proposition 1.3.2 and Theorem 1.4.8], it turns out that 

G-dim^ M p = depth i? p — depth^ M p — depth i? p . 

Thus one has: 

depth i? dim^ M + grade^ M 

< dimi?/p + gra,de Rv M p 

< dim R/p + depth i? p 

= dimi?/p + G-dim fl)J M p 

(b) 

< sup(D ®^ M) 
= depth i?, 

where (a) is by Theorem 4.2, (b) is by Lemma 3.4 iii) and (c) is by Lemma 4.1 i). □ 

Let (i?, m) be a local ring and N a nonzero finitely generated i?-module with finite Gorenstein 
injective dimension. It is known that if dim A = dimi?, then i? is Cohen-Macaulay; see [Y] Theorem 
1.3]. The implication iii) => i) in the next result improves this fact. 

Corollary 4.4. Let (i?, m) be a local ring. The following are equivalent: 

i) i? is Cohen-Macaulay. 

ii) There exists a nonzero Cohen-Macaulay R-module M with finite G-dimension such that 
diniR M = dim i? — grade^ M. 

iii) There exists a nonzero finitely generated R-module N with finite Gorenstein injective dimension 
such that dinifl N = dim i? — grade^ A. 

iv) There exists a nonzero Cohen-Macaulay R-module M of finite G-dimension such that dimi?/p + 
depth i? p = dimi? for some p £ AssrM. 
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v) There exists a nonzero Cohen- Macaulay R-module N of finite Gorenstein infective dimension 
such that dimi?/p + depth R p = dimi? for some p € AssrN. 

Proof, i => ii) and i iv) are trivial by setting M := R. 
ii i) and Hi =>■ i) are clear by Theorem 4.2. 
iv) =>■ i) and v) i) are clear by Theorem 4.3. 

i Hi) Set N := Homji(R/xR, E(R/m)), where x ~ x\, . . . ,x n is a system of parameters of R. 
Since R is Cohen-Macaulay, x is an i?-regular sequence, and so pd R R/xR is finite. Then id^iV is 
finite, and so Gid^ iV = id R N, by [CFoHl Proposition 3.10]. Because N has finite length, we have 
dim a, N — and grade fl N = depth R, and so the proof is complete. 

i =>■ v) Let N be as in the proof i =>■ Hi). Then Gid/jA < oo and N has finite length. Thus the 
assertion follows, by taking p := m. □ 

Recall that an ideal of R is said to be complete intersection if it is generated by a regular i?-sequence. 

Corollary 4.5. Let (R, m) be a local ring. 

i) If there exists a nonzero Cohen-Macaulay R-module M with finite G-dimension such that 
Aimji M is complete intersection, then R is Cohen-Macaulay. 

ii) If there exists a nonzero finitely generated R-module N with finite Gorenstein infective dimen- 
sion such that Ann/j N is complete intersection, then R is Cohen-Macaulay. 

Proof, i) By the assumption, the ideal Ann^jM is generated by a regular i?-sequence X\, x%, ■ ■ ■ , x n 
'say. Set T := Rj Ann^M. Then depth T M = depth fi M and dim^ M = drniR-M, and so M is also 
Cohen-Macaulay as a T-module. On the other hand, [Cl Theorem 2.2.8] yields that 

G-dimT M = G-dim^ M — n < oo. 

Now, by the implication ii =>■ i) in Corollary 4.4, it follows that the ring T is Cohen-Macaulay. Hence, 
R itself is Cohen-Macaulay. 

ii) Let iei, X2, ■ • • , x n be a regular i?-sequence generating the ideal AmiR N and set T :— Rj AmiR N. 
Then [BMl Theorem 4.2] implies that 

Gid T N = Gid R N - n < oo. 

Thus, by the implication Hi => i) in Corollary 4.4, it turns out that the ring T is Cohen-Macaulay, and 
so R is Cohen-Macaulay too. □ 
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